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Abstract:  Lat  G and  G*  ba  programs  represented  by  directed  graphs.  Ha 
define  a ralation  s.  _ between  G and  G*  that  formal l*aa  tha  notion  of  G* 
simulating  G with  S-fold  loss  of  spaca  afficiancy  and  T-fold  loss  of  tima 
efficiency,  and  prove  that  if  G T G*,  where  G has  a statements  and  G*  la 
structured,  than  in  tha  worst  casa  T + logjlogg  S i log2n  O(log2log2n). 
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1.  Introduction 


In  a previous  paper  Cl],  we  made  precise  some  Intuitive  observations 


concerning  the  efficiency  of  structured  programs  by  defining  a combinatorial 
relation  that  corresponds  to  the  notion  of  uniform  simulation  between  programs. 
Informally,  we  say  that  a program  G*  uniformly  simulates  a program  G if  G* 
carries  out  the  computation  of  G (and  possibly  additional  computation  which 
might  be  regarded  as  "bookkeeping")  in  such  a way  that  the  space- time  efficiency 
of  G is  degraded  by  a factor  that  is  Independent  of  the  else  of  G.  The  main 
results  of  Cl]  indicate  that  the  non-existence  of  uniform  simulations  among  many 
well-known  classes  of  control  structures  is  due  to  the  combinatorial  aspects  of 
program  structure  and  is  not  at  all  related  to  such  details  of  program  organi- 
zation as  choice  of  data  structures  or  limitations  on  the  form  of  Boolean 


Indeed,  the  main  result  of  Cl]  (Theorem  5.1)  provides  a non-trivial  lower 
bound  on  the  loss  of  space-time  efficiency  in  any  structured  simulation  of  a 
goto  program.  This  short  note  extends  that  result,  improving  the  space-time 
inequality  of  Cl,  Theorem  5.1]  by  an  exponential.  Thus  we  now  show  that  there 
are  goto  programs  with  n statements  such  that, for  any  structured  simulation, 


either 


the  simulation  runs  at  least 
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times  as  slow  as  the  original  progr, 


We  use  c.,  c , c,  to  denote  positive  constants 


I *”  '»«  can  only  b.  ataCated  by  cither  »arp  .lea 

or  very  large  structured  programs. 

In  th.  ..goal.  „ .ill  concntrat.  on  th.  combinatoric  thaore.  that 
achieves  th.se  bound..  Th.  progre»i„g  langueg.  .lvali^c,  ^ gt>ph, 

relation.  atudled  bar.  1.  dl.cu.aed  ext.n.lv.1,  In  CU. 

2.  Preliminaries 

A directed  graph  Clin  ordarad  pair  (V,  E)  of  Venice,  v „d  edge. 

' ' V - ^ ^ ® **  “ « of  vertices  ejected  by  edges. 

For  vertices  x.y  , V.  let  d^x.y,  denote  the  length  of  a mini™.  length  path 
form  X to  y.  It  no  euch  path  exleta.  then  d,,(r,7)  • .. 

A binary  tree  1,  . directed  graph  that  conalst.  of  alther  a alngl.  ..rt„ 
root  x and  adge.  b.tv.an  a „d  the  root  of  each  of  tvo  binary  tr...  c.n.d 
the  left  and  right  .ultra.,  of  a.  A vertex  , 1.  . blest,  tree  1.  a leaf  If  It 
“ 1 * <»•■>  *•  * «-  1th  root  r . V and  leaf  « . v.  and 

? ' (X "o5  “ * dlMct  F*th  f'«  «.  the.  p 1.  called  a 

branch  of  H.  An  anoaator  tr..  G . (v.E)  1.  . directed  graph  vlth  the  folloCng 
properties : 

1)  There  mdau  a a*...  Eq  e g .uch  th.t  e<>  . (v.g^  i.  . bi..r,  tr«; 

2)  If  (x.y)  € E - Eo,  then  y Is  an  ancestor  of  x in  G . 

o 

let  Gn  denot.  th.  n . n rook-connected  art.,  of  vertlcea.  If  the  vertices 
of  0n  are  Indeed  by  (l.J)  for  Ul.Jdn,  then,  except  for  the  obvious  .,tr«l 
conventions,  there  are  ajn—trlc  edge,  batmen  (l.J,  „d  (l,j+l>,  (i+J.j,. 

For  any  directed  graph  G - (V.E).  the  notion  of  boundary  eke.  ...... 

Lat  A c v.  Then  the  boundary  of  A Is  defined  as 

3(A)  - {yeV-A:  3x«A  such  that  (x,y)cE) 

Cle.rl„.  ,(*,  denote,  the  aet  of  v.rtice.  M i.  * *,10  .re  reachable  fro.  A b. 
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is  achievable  {or  any  n vertex  graph.  Theorem  1,  however,  give*  only  a linear 
bound  on  S(n),  and  It  has  been  conjectured  that  a non-polynomial  lower  bound  on 
S(n)  exists.  In  the  next  section  we  obtain  such  a bound. 

4.  Main  Theorem 

In  this  section,  we  obtain  the  following  improvement  of  Theorem  1: 

Theorem  2:  If  G*  is  an  ancestor  tree  and  Gn  Ss(n) ,T(n)  G*'  then 

T(n)  + log2log2S(n)  i log2n  - O(log2log2n). 

Proof:  For  notatlonal  convenience,  let  us  systematically  confuse  a graph  with 

its  set  of  vertices,  so  that  "x  e G"  and  "x  c V"  mean  the  same  thing  if  G - (V,E). 

We  assume  G _ G*  via  an  embedding  4.  For  any  A*  c G*,  we  use  ♦ (A*)  to 
n s,t 

denote  the  set  of  x € G which  are  4-images  of  some  x*  e A*.  Henceforth,  we 

SI 

assume  that  G*  is  a binary  tree;  it  will  be  obvious  as  we  progress  that  if  G* 
contains  ancestor  edges,  then  the  proof  is  completely  unaffected. 

Let  P - (x* , . . . , J)  be  a path  of  G* . Then  P is  an  admissible  path  if  it 
is  constructed  as  follows:  For  each  x*  (l*l£k),  let  L*  denote  the  subtree  of 
x*  containing  x*+1 , and  let  R*  denote  the  other  subtree  of  x*;  then  either 

a)  4(R$)  a 4(L{) 
or 

b)  4(R*)  i n2/4. 

Hote  that  the  definition  of  admissible  path  is  more  general  than  that  used  in  til. 
Indeed,  it  is  by  proving  the  existence  of  many  such  admissible  paths  that  we  obtain 
our  result. 

We  fix  an  arbitrary  admissible  path  P ■ (xj, • • • »*£)  define  for  i “ l,...,k 
the  subtree  HJ  - L*  u {x*}.  We  shall  say  that  H*  is  small  if  14(H*)|  s n2/4; 
otherwise  H*  is  said  to  be  large.  Let 
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u •«?>* 


Uisj 


Is  small 


In  particular,  Is  tha  set  of  vertices  in  Gq  which  have  copies  in  some  small  H*. 
Lemma  3:  For  some  J, 


IV 


Proof:  We  need  only  show  that  there  exists  an  Integer  J such  that  |D^ | * n2/4t 


since  if  j is  the  least  such  Integer,  then  (asswing  |Dq|  - 0) 


I D j ! s |Dj_j  | + !*<H*>|  < si  + ji-  n2/2. 


We  claim  that  |#(Rf)|  s n2/4.  For  suppose  otherwise,  whence  |«(Lf)|  S |*(R*)| 
by  the  definition  of  an  admissible  path.  Now 


♦(G*)  - 4(H*)  u ♦(R*), 


so  that 


n2  - |*(G*)|  £ | 4(LJ) | + 1 + |*(RJ)1  S 2|4(RJ)|  + 1, 


and  thus 


l*(R$)l  * n2/4. 


Let  j be  such  that  1*(R*)1  - 0,  and  let  1 be  the  largest  integer  such  that 

J 


|4(RJ)I  * n2/4.  Then 


|*(R*)1  < n2/4,  for  l ■ i+l,...,J* 


Hence , 


|*(HJ)|  s 1 + |*(L*)|  5l+  |4(R*)|  < 1 + n2/4  for  all  i - i+l,...,n. 


But  then  each  such  H*  is  small,  and  therefore 


♦CR$)  £ u *(H{)  £ Dj. 

ISIS] 


But  by  the  definition  of  1,  |Dj|  i n2/4.  □ 


I Ml  mm  HHHH  HHBH — Mi  HI 
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Lemma  S:  There  exist  at  least  2 admissible  paths,  where  A ,,  - yy  • 2 . 

Proof:  We  prove  the  result  by  showing  that  at  least  *-m1n  independent  binary 

choices  must  be  made  to  construct  an  arbitrary  admissible  path.  Consider  a 

partial  admissible  path  (i -e. , the  initial  segment  of  an  admissible 

path).  If  only  one  subtree  of  x^  is  large,  then  the  admissible  path  can  only 

be  extended  down  that  subtree.  However,  if  both  subtrees  are  large,  then  the 

admissible  path  can  be  extended  down  either  subtree  without  violating  the 

condition  (a-b).  By  Lemma  4,  there  ar?  at  least  A . large  subtrees  along  every 

nilii 

admissible  path,  and,  for  each  such  subtree,  there  is  a node  in  the  admissible 
path  with  two  large  subtrees.  CD 

By  using  the  modeling  strategy  detailed  in  [1],  we  obtain  the  following: 

Corollary:  For  each  n there  is  an  n statement  goto  program  Q such  that  for  any 
structured  simulation  of  Q either 

1)  the  simulating  program  is  slower  than  Q by  a factor  of  c^  log  n,  or 

or  C9nc3 

2)  the  simulating  program  is  larger  than  Q by  a factor  of  2 

An  interesting  interpretation  of  this  result  as  a space-time  tradeoff  is 
shown  in  Figure  1,  which  Illustrates,  for  fixed  n > 0, 

S (T,n)  * 2n/2 

For  any  fixed  value  K s T s c^  log  n,  limiting  the  loss  of  time  efficiency  in 
the  simulating  program,  the  shaded  region  of  Figure  1 shows  the  only  values  of 
S,T  which  are  achievable. 


Acknowledgements:  We  would  like  to  thank  Nancy  Lynch,  Ronald  Rives t,  Albert  Meyer 

and  Arnold  Rosenberg  for  suggesting  that  we  look  for  the 
improved  embedding  theorem  contained  in  this  paper. 


References 


1. 


R.  J.  Lip ton,  S.  C.  Elsenstat,  and  R.  A.  DeMlllo,  ''Space-Time  Hierarchies 
for  Control  Structures  and  Data  Structures,"  Journal  of  the  ACM,  Vol.  23, 
No.  4,  October  1976,  pp.  720-737. 


2. 


R.  A.  DeMillo,  S.  C.  Eisenstat,  and  R.  J.  Lipton,  "Preserving  Average 
Proximity  in  Arrays,"  Coumunlcations  of  the  ACM,  Vol.  21,  No.  3,  March 
1978,  pp.  228-231. 


1 


REPORT  DOCUMENTATION  PACE 


READ  INSTRUCTIONS 
BEFORE  COMPLETING  FORM 


*.  RECIPIENT'S  CAT  A too  NUMBER 


4.  TITLE  fan*  SukUlla; 


Space-Tine  Tradeoffs  in  Structured  Prograuning: 
An  Iuproved  Combinatorial  Embedding  Theorem 


7.  AUTHOR^ 

Richard  A.  DeMlllo,  Stanley  G.  Bisens tat, 
Richard  J.  Llpton 


» tyre  op  REPORT  • PERIOD  COVEREO 


TetUNUM. 


ANT  HUMBERT*; 

DAAG29-76-G-0338 


AREA  B PORK  UNIT  NUMSERB 


*■  PERFORMING  ORGANIZATION  NAME  AND  ADDRESS 

School  of  Information  and  Computer  Science 
Georgia  Institute  of  Technology 
Atlanta,  Georgia  30332 


II.  CONTROLLING  OFFICE  NAME  ANO  ADDRESS  IS.  REPORT  OAT E 

August,  1978 

IS-  NUMBER  OF  PAGES 

9 + iii 


14.  MONITORING  AGENCY  NAME  B AOORESSTK  4K«a**al  tw  CantratUng  Office;  IS-  SECURITY  CLASS,  (ml  AM*  repeat) 

US  Army  Research  Office 

PO  Box  12211  Unclassified 

Research  Triangle  Park,  N.C.  27709  '•*.  dec^assification/ooenoraoing 


14.  DISTRIBUTION  STATEMENT  fal  Mia  Jtapert) 

Approved  for  Published  Releases;  Distribution  Unlimited 


17.  DISTRIBUTION  STATEMENT  (a#  Me  akalrect  Him*  In  Slack  20,  II  41  Karan ( tram  Report; 


IS.  SUPPLEMENTARY  notes 

The  findings  of  this  report  are  not  to  be  construed  as  an  official  Department 
of  the  Army  position,  unless  so  designated  by  other  authorized  document. 


IS.  KEY  WORDS  (Contlnum  on  ravaraa  alda  II  naeaaanry  an4  Idanlllf  ky  Mack  mi  Bar; 

ancestor  tree,  complexity,  control  structure,  directed  graph,  embedding 

->  «-  -*7" 


1473  EDITION  OF  I N 


Suit  xCn) 


Unclassified 


uhe 


LE 


XZ 


L 


MM 


